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Abstract 

Let K be an arbitrary (commutative) field and K be an algebraic closure 
of it. Let y be a linear subspace of M„(K), with n > 3. We show that if 
every matrix of V has at most one eigenvalue in K, then dim V < 1 + (^) . 
If every matrix of V has a sole eigenvalue in K and dim ^ = 1 + (2) , we 
show that V is similar to the space of all upper-triangular matrices with 
equal diagonal entries, except if n = 3 and K has characteristic 3, or if 
n = 4 and K has characteristic 2. In both of those special cases, we classify 
the exceptional solutions up to similarity. 
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1 Introduction 

In this article, we let IK be an arbitrary (commutative) field, and we choose an 
algebraic closure K of it. We denote by M„(K) the algebra of square matrices 
with n rows and entries in IK, and by GL„(IK) its group of invertible elements. 
We also denote by Mn^p(IK) the vector space of matrices with n rows, p columns 
and entries in IK. The transpose of a matrix M is denoted by M^. 
Two linear subspaces V and W of M„(IK) are called similar, and we write 
V W,'\iW = PVP-^ for some P G GL„(1K) (i.e., V and W represent, in 
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a change of basis, the same set of endomorphisms of an n-dimensional vector 
space). For M £ M„(IEC), we denote by Spk(M) its spectrum in K, i.e., its set 
of eigenvalues in the field K, and by tr(M) its trace. 

For {ai, . . . , Qn) € IK", we denote by Diag(ai, . . . , a„) the diagonal matrix of 
M„(]fC) with diagonal entries ai, . . . , a^. 

Given two integers a and 6, we write a | 6 if a divides b, and a A 6 = 1 if a is 
prime with b. 

Linear spaces of square matrices with conditions on their spectrum have been 
the topic of quite a few papers in the past decades. The first important results 
can be traced back to Gerstenhaber, who proved the following result in the case 

K > n (see also [3] for a simplified proof and an extension to the case 7^ K > 3, 
and [2] for a proof with no restriction on the field) : 

Theorem 1 (Gerstenhaber, Serezhkin). Let V be a linear subspace o/M„(]K) 
in which every matrix is nilpotent. 

Then dimV < (2). // equality holds, then V is similar to the subspace NT„(IK) 
of strictly upper-triangular matrices. 

In [3], Omladic and Semrl consider the following general problem: given k G 
[l,re — 1], determine the maximal dimension for a linear subspace of M„(K) in 
which every matrix has at most k eigenvalues in K, and classify the subspaces 
with the maximal dimension. They solved the problem in the special case K = C, 
for k = 1, k = 2 and n odd, and k = n — 1 with the additional condition that 
the subspaces under consideration contain a matrix which has exactly n — 1 
distinct eigenvalues in K. In the subsequent [2j, Loewy and Radwan considered 
mainly the "upper bound" component of the problem, and extended Omladic 
and Semrl's results to an arbitrary field of characteristic 0, whilst solving the 
additional cases k = 3 and k = n — 1. 

In this paper, we tackle the case k = 1 for an arbitrary field and extend the 
upper bound on the dimension to a larger class of subspaces. Let us start with 
a few definitions. 

Definition 1. Let y be a linear subspace of M„(]K). 

We say that y is a 1-spec subspace when # Sp]jj(M) < 1 for every M £ V. 
We say that V is a 1-spec subspace when # Sp]g(M) = 1 for every M £ V. 
We say that V has a trivial spectrum when Spk(M) C {0} for every M gV. 
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We say that V is nilpotent when all its elements are nilpotent matrices, i.e., 
Sp^(M) = {0} for every M eV. 

Spaces with a trivial spectrum are linked to the affine subspaces of non- 
singular matrices of M„(]K). In [5] and [8j, two independent proofs are given 
of the fact that every linear subspace of M„(K) with a trivial spectrum has a 
dimension lesser than or equal to (2) . In |7j, spaces with a trivial spectrum whose 
dimension reaches this upper bound are classified up to similarity, extending 
Gerstenhaber's theorem (provided # K > 2). 

Here are our main results: 

Theorem 2. Let V be a 1-spec subspace o/M„(IEC). 

/f char(]K) = 2 and n = 2, then dimV < 3. Otherwise dunV < 1 + (2) • 

The following corollary is trivial but must be stated: 

Corollary 3. Let V be a 1-spec subspace o/M„(]K). 

7/ char (K) = 2 and n = 2, then diuiV < 3. Otherwise diuiV < 1 + (2)- 

Note that if char(]fC) 7^ 2 or n 7^ 2, the subspace + NT„(1C) of all upper 
triangular matrices with equal diagonal entries is a 1-spec subspace of dimension 

Moreover, setting 

s[„(]K) := {M € M„(K) : tr(M) = O}, 

we see that if char (IK) = 2, then a matrix of M2(]K) has exactly one eigenvalue 
in K if and only if its trace is zero: it follows that s[2(IK) is a 3-dimensional 
1-spec subspace of M2(]K). The above upper bounds are therefore tight, and 
we have the following full description of the 1-spec subspaces of M2(IK) when 
char(]K) = 2: 

Proposition 4. //char(K) = 2, then the 1-spec linear subspaces o/M2(IK) are 
the linear subspaces o/s[2(]K). 

We turn to the description of the 1-spec subspaces of M„(]K) with maximal 
dimension. Here is the most general situation: 

Theorem 5. Let V be a 1-spec subspace o/M„(K) such that dimV = 1 + (2)^ 
with n > 3. Ifn>5or char(]K) A n = 1, then V ~ ]fC/„ + NT„(]fC). 
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Theorem 6. Assume char(]K) = 2. Then, up to similarity, there are exactly 
two 1-spec subspaces ofM^iK) with dimension 7: ]Kl4 + NT4(]K) and the linear 
subspace 



n := Kh + 



li I2 X 

C2 y ci 

Cl X C2 

y h h 



{li,l2,ci,C2,x,y) G 



Theorem 7. Assume K is an algebraically closed field of characteristic 3. Then, 
up to similarity, there are exactly three 1-spec subspaces o/M3(]K) with dimension 
4; K/3 + NT3(]K) and the two subspaces 



t X 
t y 
z t 



{t,x,y,z) e 



and 



t X z 
-z t y 
X t 



{t,x,y,z) E 



For an arbitrary field of characteristic 3, the case n = 3 is far more compli- 
cated: we wait until Section H] to state the precise results. 

We do not know yet how to classify the 1-spec subspaces of M„(]K) with 
maximal dimension, although the following conjecture seems reasonable and 
would, if true, solve the question when ^ M. > 2 and n > 4 (using the results of 

my- 

Conjecture 1. Let V be a 1-spec subspace o/M„(]K) such that dimV = 1+ (2)- 
Assume n > 4. Then there exists a linear subspace W o/M„(]K) with a trivial 
spectrum such that V = ]fC/„ + W . 

Proof of Corollary and Theorem\^ in the case char(]fC) A n = 1. 
Assume char(]K) A n = 1. Then the results from Corollary [3] and Theorem [5] 
are easy consequences of Gerstenhaber's theorem. Let indeed ^ be a 1-spec 
subspace of M„(]K). Then W := Ker(tr|y) is a nilpotent subspace of M„(]K) 
(since char(K) An = 1) and codimv W <1. Gerstenhaber's theorem shows that 
dim W < (2) , and hence 



dim V = codimv W + dim W <1 + 



n 



Assume now that dim V = 1 + (2) • Then is a hyperplane of V. Therefore 
dimW^ = (2) and W ~ NT„(]K) (see [2]). Note also that the above inequality 
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shows that V is maximal among the 1-spec subspaces of M„(]K). However ]KI„ + 
y is a 1-spec subspace containing V, which shows that In € V. Since char(]K) A 
n = 1, one has In ^ W hence V = Kin + W, and we deduce that V ~ Kin + 
NTn{K). □ 



Structure of the article: 

The article has two main parts. In Section [21 we prove Theorem [21 using argu- 
ments that are very similar to the ones used in Theorem 9 of [8]. 
The remaining sections deal with the classification of 1-spec subspaces with max- 
imal dimension. Section [3] is devoted to a proof of Theorems [5] and [6} adapting 
some ideas of [7], we combine a key lemma (Proposition [5|) from Section [2] with 
Gerstenhaber's theorem in order to sort out the structure of 1-spec subspaces 
with maximal dimension. We first work out the case n > 5, and then the case 
n = 4 and char(K) = 2. In Section [H we use the same line of reasoning to solve 
the case n = 3 and char(]K) = 3: in that one, many exceptional solutions arise, 
and the main difficulty lies in determining necessary and sufficient conditions for 
two of them to be similar. As we shall see, the classification depends on some 
arithmetic properties of the field K. 

2 An upper bound for the dimension of a 1-spec sub- 
space 

2.1 On the rank 1 matrices in a 1-spec subspace 

Notation 2. Let F be a hnear subspace of M„(1C), and let X € \ {0}. 
We set Vx := {M eV : luiM C KX}. 

Our proofs of Theorems [21 and [5] are based on the following result: 

Proposition 8. Let V be a 1-spec subspace o/M„(lC), with n>2. Then: 

(i) either n = 2, char(]K) = 2 and V = s[2(IIC); 

(a) or there exists X £ K" \ {0} such that Vx = {0}. 

The proof involves the following result from [8j (Proposition 10): 

Lemma 9. Let V be a linear subspace o/M„(]K) with a trivial spectrum. Then 
there exists i £ [1,™] such that Ve^ = {0}, where (ei, . . . ,en) denotes the canon- 
ical basis o/K". 
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Let us prove a corollary of it: 



Corollary 10. Let V be a linear subspace of M„(]K) with a trivial spectrum. 
Then there exists a basis (/i, . . . , /„) of such that Vf. = {0} for every i € 
[l,nl. 

Proof. Denote by F the linear subspace of spanned by the non-zero vectors 
X such that Vx = {0}. 

Applying Lemma O to all the subspaces that are similar to V shows that every 
basis of contains a vector of F. Classically, this shows that F = K", which 
proves the claimed result: indeed, if the contrary holds, then F is included in 
a linear hyperplane H of E; since GL„(IC) acts transitively on the set of linear 
hyperplanes of E, we may find a basis (/i, . . . , /„) of such that H is defined 
by the equation + - • ■+Xn = in this basis, hence none of the vectors /i, • • • , /n 
belongs to F, a contradiction. □ 

We may now prove Proposition [8l 

Proof of Proposition\^ We assume that Vx ^ {0} for every X € K" \ {0}, and 
prove that (i) holds. 

Denote by (ei, . . . , e,i_i) the canonical basis of HC""-*^. We naturally identify 

with the subspace x {0} of W. 

For («, j) € [l,n]^, denote by Eij the elementary matrix of M„(]K) with entry 
1 at the (i, j)-spot and zeroes elsewhere. Denote by W the linear subspace of 
V consisting of its matrices with zero as the last row, and note that is an 
eigenvalue of every matrix of W ., hence W has a trivial spectrum. For M G W , 
write 

'K{M) "^1 



M 







with K{M) E M 



n— 1 



Set V := QVQ-\ where Q 



Then the assumptions show that 



Then K(W) is a linear subspace of M„_i(K) with a trivial spectrum. Applying 
Corollary do] to K{W), we find P G GL„_i(K) such that, for F := PK{W)P-^, 
one has Eg- = {0} for every i £ [1, n — 1]. 

IP 
1 

VX ^ {0} for every X € IC" \ {0}. 

Let i G [1, n — 1] . Then V^. contains a non-zero matrix M, which must belong to 
QWQ~^: however F^. = {0} hence the first n — 1 columns of M are zero, which 
shows that M is a scalar multiple of Ei^n- It follows that Ei^n G V' for every 
i € |l,n — 1], hence V contains span(£^i^„, . . . ,En-i^n)- Therefore V contains 
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span(£'i_„, . . . ,En-i,n)- Conjugating V with arbitrary matrices of GL„(]K), this 
generahzes as fohows: V contains every rank 1 matrix with zero trace. 
Since V is a hnear subspace, it must then contain the matrix A := Ei^2 + -£"2,1, 
which has (x^ — l)x"~^ as characteristic polynomial. This polynomial must 
have at most one root in K, which shows that n = 2 and char(IK) = 2. Thus V 

contains the basis {Ei^2, E2^i, J) of s[2(]IC), where J := | | , hence s[2(]K) C 

V C M2(K), the last inclusion being sharp since obviously Ei^i V. Therefore 

V = 5l2(^), which concludes our proof. □ 



2.2 Proof of Theorem [2] 

Let y be a 1-spec subspace of 
If n = 1, we trivially have dimy < 1 = 1 + (2)• 
If n = 2 and char(]K) ^ 2, then V C M2(IC) since V does not contain Diag(l,0), 
and hence diml/ < 3. 

Assume that n > 3 or that n = 2 and char(]K) ^ 2. Then Proposition [8] shows 
that Vx = {0} for some X G \ {0}. Conjugating V with a well-chosen 
non-singular matrix, we lose no generality in assuming that Vg^ = {0}, where 
en = [0 ••• 1]^. 

For M £V, denote by C(M) its last column, and set U := {M £ V : C{M) = 
0}. For M €U, write 



M 



J{M) 
? 



with J(M) E M„_i(IK). 



Since = {0}, the linear map M i— > J{M) is one-to-one on [/, hence the rank 
theorem shows that 



dim V <n + dim U = n + dim J{U). 

However V \s a, 1-spec subspace of M„(K), so, for every M € U, the matrix 
J{M) cannot have a non-zero eigenvalue in K. Theorem 9 of [8] then shows that 
dim J(C/) < i^-^). Therefore dimF < n + ("-^) = 1 + (^), as claimed. 

Remark 1. Using a similar line of reasoning, it may be proven that s[2(IC) is the 
sole 3-dimensional 1-spec subspace of M2(]fC) if char(K) = 2. 
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3 On 1-spec subspaces with maximal dimension 

Let n > 2 and y be a 1-spec subspace of M„(K) such that diml/ = 1 + (2). If 
char(]K) A n = 1, then we already know that Theorem [5] holds for V (see the end 
of Section [1]). In the rest of the proof, we assume that char(]K) | n. The case 
n = 2 has already been tackled (see Proposition H]) . 
Prom now on, we assume that n > 3. 

Notice that Kin + ^ is a 1-spec subspace of M„(]K) containing V, hence 
V = Kin + y by Corollary [31 and in particular G V. 

Pinally, we will need the following notation and the subsequent remarks: 

n-l 

Notation 3. Given M G M„(K), with characteristic polynomial ^ CLkX^ G 

k=0 

K[x], we set Cfc(M) := (— l)^a„_fc for every k G [l,n|- 

Classically, C2 is a quadratic form on M„(]K) and its polar form b2, defined 
as b2{A,B) := C2{A + B) - C2{A) - C2{B), satisfies: 

V(^,B) G Mn{Kf, b2iA,B) =tv{A)tv{B) -tr(AS). 

Since char(K) | n, every matrix of V has trace 0, therefore 

y{A,B) G F^ b2{A,B) = -tT{AB). 

Notice that every singular matrix of V is automatically nilpotent, which leads 
to the following result: 

Lemma 11. Let {A,B) G V^. A ssume that A, B and A + B are singular. 
Then ti{AB) = 0. 

3.1 Setting things up 

We start with the same line of reasoning as in Section[5J Since n > 3, Proposition 
[8] shows that WG niciy rcplcicc with, a siinilajr subsp3-CG so cts to hciv6, for — 

[0 ... 1]^ 

Ve^ = {0}. (1) 
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For M €V, denote by C{M) its last column, and set Z := {M e V : C{M) = 
0}. For M G Z, write 



M 



J{M) 
? 



with J{M) € M„_i(lC). 



Note that J{Z) is a nilpotent subspace of M„_i(]K). Since Ve„ = {0}, the map 
J is one-to-one. The rank theorem shows that diml/ = dimC(y) + dimZ = 
dimC(l^) +dimJ(Z). However dimC(F) < n and dimJ(Z) < ("2^) whilst 
dimy = n + ("2^)- Therefore 



dimC{V) = n and dimJ(Z) 



n — 1 
2 



Applying Gerstenhaber's theorem to J{Z), we obtain P G GL„_i(K) such that 

\P 0" 



PJ[Z)P~^ = NT„_i(lC). Set then Pi := 



1 



G GL„(]K) and replace V with 



PiFPf ^ Notice that Pf ^ 

Cn — Cn; therefore condition ([T|) is still satisfied in this 
new setting, but we now have 



J(Z) =NT„_i(K). 



(2) 



Denote now by W the set of all matrices of V with zero as first row. For 
M eW, write 



M 





? R{M) 



with R{M) G M„_i(K). 



Note the following obvious properties of R(W): 

(i) RiW) is a nilpotent subspace of M„_i(]K); 

(ii) The shape of J{Z) shows that, for every N G NT„_2(IK), the subspace 

\N ol 

R{W) possesses a matrix of the form ^ ^ 

Let Ci G M„_2,i(]K). Since dimC(y) = n, we know that V contains a matrix 
r? ?' 

? ? Ci . By adding a well-chosen matrix of Z and a scalar 
? ? 



of the form 



9 



multiple of /„, we deduce that W contains a matrix of the form 




? ? Ci 
? ? ? 



i.e., R{W) contains a matrix of the form 



? ? 



. Since this holds for every Ci G 



M„_2,i(]K), combining this with point (ii) above yields that dim > (n— 2) + 
("2^) = ("2^)' hence dim R(W) = ("2^) by Gerstenhaber's theorem. Since 
R{W) is nilpotcnt, no matrix of it has [O ■ ■ ■ l] as the last column. By 
the factorization lemma for linear maps, we deduce that there exists a (unique) 

Li e Mi,„_2(]K) such that every matrix M of R{W) has 



LiCm 



as the last 



, one has QR{W)Q-^ = NT„_i(K). 



column (for some Cm G M„_2,i(]K)). 
Claim 1. For Q := ^""'^ 

Proof. Set r := QR{W)Q-^. With the above results on R{W), we find: 

(a) Every matrix of T has entry at the {n — l,n — l)-spot and, for every 

ICi] 



C\ G M„_2,i(]K), the subspace T contains a matrix with 
column; 







as the last 



(b) For every N G NT„_2(]K), the subspace T contains a matrix of the form 
'N Ol 







Moreover, T is a 



-dimensional nilpotcnt subspace of M„_i(K). By Gersten- 
haber's theorem, there is an increasing sequence {0} = Eq C. Ei C_ ■ ■ ■ (1 En-i = 
K^-^ of linear subspaces such that Vfc G |l,n - 1], VM G T, M{Ek) C Ek-i- 
Point (a) then yields -E'n-2 = IfC"~^ x {0}. It follows that every matrix of T has 
as the last row, hence point (b) may be refined as follows: 



N 6 




(b') For every N G NT„_2(]K), the subspace T contains N := 
M„_i(K). 

However K"-^ x {0} C J2 N{En-2) C E^^s, and dim(lC"-3 x {0}) = 

AreNT„_2(IK) 

dim£'„_3, therefore En-3 = K"^^ x {0}. Continuing by downward induction, we 
find that Ek = K''x {0} for every k G [0, n-1] , which shows that T C NTn-i(]K), 
and hence T = NT„_i(]K) since dim T = (''2 ^) = dim NT„_i(K). □ 
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We now set Qi 



G GL„(]K) and replace V with QiVQ^ ^: again, 



condition ([T]) still holds in this new setting, and J{Z) has not been modified, 
therefore condition ([2]) still holds. Since Qi stabilizes {0} x K'^"^, the subspaces 
W and R{W) have been replaced respectively with QiWQ^^ and QR{W)Q~^ , 
therefore we now have: 

=NT„_i(K). (3) 



3.2 Special matrices in V 

Using conditions ([T]) and ([2]), we find that, for every N € NT„_i(]K), the sub- 

[A^ O" 

space V contains a unique matrix of the form 



? 



We deduce that: 



There are two linear maps (/? : Mi.„_2(]K) — > Mi_„_2(IfC) and / : Mi.„_2(IK) — 
IK such that, for every L S Mi^„_2(IC), the subspace V contains the matrix 



■ L 0" 

0„_2 
f{L) ip{L) 0_ 



A, 



There is a linear form h : NT„_2(]K) — > K such that, for every U £ 
NT„_2(lfC), the subspace V contains the matrix 

" 0' 

Eu := U 
h{U) 

(there, we have also used condition ([3])). 



Since dimC(y) = n, we know that some matrix of V has entry 1 at the {l,n)- 
spot. By linearly combining such a matrix with /„ and a well-chosen A^, we 
deduce that every row matrix L' G Mi^„(]K) is the first row of some matrix of 
V. Denote by G the linear subspace of V consisting of the matrices M £ V 
with trM = and all columns zero starting from the second one. Applying 
the rank theorem then shows that dim V = n + dim R(W) + dim G. However 
n + dim R{W) =n + ("2^) = dim^, therefore G = {0}. 

Condition ([3]) then yields that, for every € NT„__i(]K), the linear subspace 
V contains a unique matrix of the form 



matrices in V: 



? N 



We deduce a new family of 
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There are two linear maps ip : M, 
K such that, for every C G 



2,1 (K) ^ M„_2,i(IK) and 5 : M„_2,i(IK) - 
2,1 (K), the subspace V contains the matrix 



Be 





AC) 





0„-2 







c 





Finally, we have seen that some matrix of V has [O • • • l] as first row. By 
adding to it a well-chosen matrix of the form we find a matrix 



J 



Oi,„_ 
? ? 
? ? 



1 

On-2,1 
? 



Obviously the subspace {Al \ L G Mi,„_2(IK)} + {Be \ C G M„_2,i(IK)} + 
{Eu I t/ G NT„_2(IK)} + span( J, I„) of V has dimension 2(n - 2) + ("~^) + 2 = 
dimF, hence V is spanned by the above matrices. At this point, we need to 
examine three cases separately: n > 5, n = 4 and n = 3 (the last one is dealt 
with in Section [3]). 



3.3 The case n > 5 
3.3.1 Analyzing ip and ip 

Claim 2. There exists A G IK such that ip = Wd and ip 



-X id. 



Notice first that given (L,C) G Mi,„_2(IK) x M„_2,i(IK), one has rk(AL) < 2 
and rk(Sc) < 2, and hence rk(Ai + Be) < 4: the matrix Al + 5(7, which 
belongs to V, is singular and therefore nilpotent. 

Proof. Let {L,C) G Mi,„_2(IK) x M„_2,i(]K). 
Assume that LC = 0. Then 



{Al + 5c)' 



■L^/;((:7) 

? ^(Cj^ + C^W 
? ? (/7(L)C 



Since + Be is nilpotent, we deduce that Lil){C) = ^p{L)C = 0. 

We equip Mi.„_2(IK) with the non-degenerate symmetric bilinear form (Li, L2) 1— ?■ 

LiL^. 
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Let L G Mi^„_2(IfC). Then the above result yields <^(L) G ({L} ) = span(L). 
It follows that every non-zero vector of Mi^„_2(IK) is an eigenvector of ^p, which 
classically yields that ip = \\d for some A G K. 

With the same line of reasoning, we find that ifj = n id for some G K. 
Choose (L,C) G Mi,„_2(IK) x M„_2,i(IK) such that LC ^ 0. Then Al, Be 
and Al + Bq are all singular, therefore iv{AiBc) = by Lemma [TTl i.e., 
i)(L)C + LipiC) = 0. We deduce that (A + fx) LC = 0, and hence /x = -A. □ 



3.3.2 One last conjugation 



"1 0' 

Set P' := In-2 
A 1 

Mi,„_2(IK) X M„_2,i(K) X NT„_2(K): 



G GL„(K.), and note that, for every (L, C, C/) G 



and 



■ L 6 

On-2 

/(L) 



{P'r'EuP' 



{P'r^BcP' 




[/ 
h{U) 



■ 0' 

0„_2 c 
g{C) 



Notice that P' 

Cn — hence (-P') ^VP' still satisfies condition ([1]). The 
above matrices show that condition ^ and Q are obviously satisfied. Replacing 
V with (P')~^yP', we thus preserve all the previous conditions but we now have 
the additional one: 

A = 0. 

At this point, our aim is to prove that V C + NT„(ItC), which will suffice 
since V and ]K/„-|-NT„(]K) have the same dimension. In order to do so, we prove 
that every matrix of the type Al, Bq, Eu or J is strictly upper-triangular: this 
suffices to prove our claim since these matrices, together with /„, span V. 



3.3.3 Analyzing /, g and h 
Claim 3. One has / = and g = 0. 
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Proof. Let (L,C7) G Mi,„_2(K) x M„_2,i(IfC). 
straightforward computation shows that 

\aLC 
{Al + Bcf = 




Set a := f{L) + g{C). Then a 











aLC 



However Al + Be is nilpotent (see Paragraph 13.3. therefore aLC = 0. It 
follows that LC / ^ /(L) + g{C) = 0. 

Let Ci G Mi,„_2(I^)- Since n - 2 > 2, we may choose L G Mi_„_2(IK) \ {0} 
such that LCi = 0. Then the linear map g is constant on the affine hyperplane 
|C G Mi^„_2(I^) : LC = l}, therefore g vanishes on its translation vector space 
{C G Mi,„_2(]K) : LC = O}. In particular g{Ci) = 0. We deduce that g = 0. 
The same line of reasoning yields / = 0. □ 

Claim 4. One has h = 0. 

Proof. Let U G NT„_2(K) such that rkC/ = 1. Set /3 := h{U). Note that C/^ = 
since C/ is a rank 1 nilpotent matrix. Let {L,C) G Mi^„_2(IC) x M„_2,i(]K). Set 



M 



L 






c 





A straightforward computation (using C/^ 



0) yields 

'(3LC L[/C" 
M''^= I3UC I3CL 

j3LU fiLC_ 

Note that rk < 1, rkS^ < 1 and rk^;^/ < 2, therefore rkM < 4. Since n > 5, 
we deduce that M is nilpotent. It follows that LUC = /3 LC = 0. 
Choosing L := [O ■ ■ ■ l] and C := L-^, we then have LUC = (since U is 
strictly upper-triangular) whilst LC = 1, and we deduce that /? = 0. 
We have just established that the linear form h vanishes on every rank 1 matrix 
of NT„_2(]K), which proves our claim since NT„_2(IK) is obviously spanned by 
its rank 1 matrices. □ 

We thus have, for every (L,C,C/) G Mi,„_2(IK) x M„_2,i(IK) x NT„_2(I^), 





"0 L 


0" 




"0 


0" 




"0 





0" 


Al = 


0„_2 





; Bc = 


0„_2 


c 


and Eu = 





u 
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It now suffices to show that J is strictly upper-triangular. 



3.3.4 Dissecting J 

Here, we aim at proving that the matrix J of Section [3.21 may be chosen to have 
zero entries everywhere except at the (l,n)-spot. 



Adding to J a well-chosen matrix of type Ejj, we may assume that 
where Li G Mi,„_2(IfC), Ci G M„_2,i(IfC), (0,6) G 



J 



1 

Ci T 
b Li a 



and T = {tij) is a lower-triangular matrix of M„_2(IC). 

Claim 5. One has Ci = and Li = 0, whilst T = a In-2 for some a G K. 

Proof. Denote by Z the last entry of Li. Setting L2:= [O ••• l] , we remark 
that V contains the matrix M := J+AL^ + (l—a).In + {tn-2,n-2+^—o,)Bj^T, which 
has identical (n — l)-th and n-th columns (and the same non-diagonal entries 
as J on the first n — 2 rows) and is therefore singular. Choose U G NT„_2(]K) 
which has a last column equal to zero. Again, M + Eu is singular (it has the 
same last two columns as M). So are Eu and M, therefore Lemma [11] yields 
ii{MEu) = 0. 

By varying [/, we deduce that tjj = for every G |l,n — 2]^ such that 

j < i < n — 2>. 

With the same line of reasoning, we find that tr(MAi) = for every L G 
Mi^„_2(IK) with as the last entry, which shows that Ci has zero entries from 
the first to the (n — 3)-th one. 

With the same line of reasoning, but replacing the last two columns with the first 
two rows, we find that tjj = for every (i, j) G [l,n — 2]^ such that 2 < j < i, 
and Li has zero entries starting from the second one. 

Denote by (ei, . . . , e„) the canonical basis of K". With the above results, we 
find that 63, ... , e^-i are eigenvectors of J with respective eigenvalues t2,2, ■ ■ ■ , tn-2,n-2, 
therefore t2,2 = • • • = tn-2,n-2- 

Moreover 62, ... , e„_2 are eigenvectors of with respective eigenvalues ti^i, . . . , tns^n-s, 
therefore ti^i = • • • = tns^n-s- Since n — 2 > 3, it follows that the ti/s are all 
equal to some a G K. 

Let us now consider J' := J — a.In G V. Note that rk(J') < 3 since all 
the columns of J' from the third one to the (n — l)-th one are zero. Let L G 
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Mi,„_2(]K). Then rk(J' + Al) < 4 < n. The matrices J', Al and J' + Al are 
all singular, therefore Lemma [TT] shows that tr(J'AL) = i.e., LCi = 0. Since 
this holds for every L G Mi^„_2(IC), we find that Ci = 0. 

With the same line of reasoning (but using the Bc^s instead), we find Li = 0. 
Finally, with the same line of reasoning with the elementary matrix U = £ 
NT„_2(]K) with zero entries everywhere except at the — 2)-spot where the 
entry is 1, we find ti{J'U) = (note that rk{U) = 1), i.e., tn-2,i = 0. With the 
above results, this finally shows that T = aln~2- d 

Remark 2. If char(]K) ^ 2 (still assuming that char(]K) | n), then the above 
proof may be greatly simplified. Indeed, if a matrix of M„(]K) has A € K as 
sole eigenvalue, then its characteristic polynomial is ((x — A)"/^)^, where p := 
char(]K), hence C2{M) = 0. It follows that C2 vanishes everywhere on V, and 
therefore tr(MiV) = for every (Af, N) eV'^. Applying this to M = J and TV 
being of any one of the types A^, Be and Eu, we find that Ci = 0, Li = and 
T is diagonal. We let the reader finish the proof in that case. 



Claim 6. One has a 



a = 0. 



Proof. Set J' := J — a. In- Then 

J' = 



-a 1 ■ 

On-2 

b a — a 



Then J' is singular, and therefore nilpotent since J' € V. Then tr(J') = and 
C2{J') = 0, which shows that a — a = a and h = —a^. Therefore 



J' 



-a 1 

0„_2 



-a 







a 



Choose (L,C) € Mi,„_2(IfC) x M„_2,i(K) such that LC = I 

-a L 1 
0„_2 c 



Set M := J' + Al + Bc 



-a 







a 



. Note that rk(M) < 3. Hence M is 



singular and therefore nilpotent. A straightforward computation shows that the 
first column of is ^—a^ • • • O] , which yields a = 0. The conclusion 



easily follows since a = 2a and h 



-a 



□ 
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Our proof is now complete: we know that J is strictly upper-triangular, and 
so is any matrix of type A^, Be or Eu. It follows that V C IEC/„ + NT„(K), 
and the equality of spaces follows from the equality of their dimensions. This 
finishes our proof of Theorem [5l 



3.4 The case n = A and char(]K) = 
Recall from Theorem [6] the definition of 



7^ = K/4 + 



C2 7/ Ci 
Cl X C2 

y h h ^ 



{h,l2,ci,C2,x,y) G K*^ 



which is obviously a 7-dimensionaI linear subspace of M4(]K). 

Claim 7. The set % is a 1-spec subspace of M4{K) and it is not similar to 
Kl4 + NT4(IK). 

Proof. A straightforward computation shows that, for every (/i, /2) ci, C2, x, y) G 
0/1/22^ 



K^, the matrix 



C2 y ci 

Ci 2; C2 

y h h 



has characteristic polynomial + a (in ]K[t]), 



with a = ((/i + /2)(ci + C2) + xy) + liC2{x + y)^, and has therefore a unique 
eigenvalue in K (since char(]K) = 2). It follows that is a 1-spec subspace. 
If H were similar to IKI4 -|- NT4(]K), the set of singular matrices of H would be 



a linear subspace of 7i. However, 



"0 








1" 




"0 








0" 














and 








1 








1 


































1 












are singular. 



whereas their sum is not. Therefore Ti is not similar to IK/4 -|- NT4(IK). 



□ 



We now come right back to the end of Section 13.21 and try to prove that V 
is similar to K/4 -|- NT4(K) or to H. Notice first that, for every M G V, its 
characteristic polynomial has the form [t + A)"^ = t^ + for some A G K, 
therefore C2 and C3 vanish everywhere on V. 

Claim 8. There is a (unique) matrix A G M2(]K) such thatVL G Mi^2(I^)5 fi^) = 
LA and VC G M2,i(]K), ^{C) = AC. 
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Proof. Indeed, we know that there are two matrices A and B in M2(]K) such that 
VL G Mi,2(]IC), ip{L) = LA and VC G M2,i(]K), V'(C) = BC. Since C2 vanishes 
everywhere on T/, we have tii:{ALBc) = for every (L, C) G Mi.2(IK) x M2,i(IK), 
which yields LAC + LBC = 0, i.e., L{A + S)C = 0. It follows that A + B = 0, 
hence B = A since char(K) = 2. □ 

Claim 9. One has / = and g = 0. 

Proof. Let {L,C) G Mi,2(]K) x M2,i(K). Set a := f{L) + g{C) and 



M := + 



L 
AC Q C 
a LA 



Notice that C3(M) = tr(com(M)), where com(M) denotes the comatrix of M. 
Obviously the first and last diagonal entries of com(M) are zero hence 



a LC, 








h 










h 





C3(M) = 


? 





C2 


+ 


? 





Cl 




a 


? 







a 


? 






where L = [Zi Z2] and C 



. Therefore LC / ^ /(L) + g{C) = 0. As in 



the proof of Claim O we deduce that / = and 5 = 
Remark that NT2(]K) is spanned by K : 



□ 



1 




and E :- 




10 

a 
M2,i(K)} + span(/4,^,'j). 



Setting now a := h{K) 
we deduce that V = [Al \ L G Mi,2(lC)} + [Bq \ C G 



Claim 10. There exists A G K such that A 



A a 
a A 



Proof. Let (L,C) G Mi,2(]K) x M2,i(IfC) and set M := Al + Be + E. Then a 
straightforward computation shows that 



C3(M) = aLC + h {AC)2 + ca (L^)i, 
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where {AC)2 denotes the second entry of AC and {LA)i the first one of LA. 



Write A 



Notice then that (L, C) ^ aLC + h {AC)2 + C2 {LA)i 



^2,1 02,2 

is a bihnear form whose matrix in the respective canonical bases of Mi, 2 (IK) and 
M2,i(IC) is 



a/2 + 



0-2,1 


02,2 


+ 


"0 















ai,2 





a + 02,1 ai,i + a2,2 
a + ai,2 



Since C3 vanishes everywhere on it follows that this matrix is zero, which 
yields 02,1 = ai,2 = a and 02,2 = as claimed. □ 



As in Paragraph [3321 we now replace V with {P') ^VP' where P' :- 



"1 0" 
/2 
A 1 

GL4(IfC). Again, all the former conditions still hold in that case, and we now 
"0 a 



have A 



a 



We finish by analyzing J. By summing it with a well-chosen scalar multiple 
oi E, we lose no generality in assuming that 



J 



1 
Ci T 

(3 Li a 



where (Li,Ci) G Mi,2(IfC) x M2,i(lC), (a,/3) G IC^ and T is a lower-triangular 
matrix of M2(IfC). 

Since C2 vanishes everywhere on V , we find that tr(JAi) = tT:{JBc) = tr(JE) = 
for every (L, C) G Mi,2(]K) xM2,i(]K), which yields Ci = 0, Li = and ^2,1 = a. 



Claim 11. One has a 

T=\^ 0] 
a b 

Proof. Write T 



0, and t/iere exists 6 G IK such that /3 = b"^ and 



b 

a c 



. Denote by (61,62,63,64) the canonical basis of IK^. 

Note that the endomorphism X 1-^ JX of stabilizes both of the subspaces 
span(e2,e3) and span(ei,e4) and the matrices of the induced endomorphisms 
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in the respective bases (62,63) and (61,64) are T and 

matrices have the same unique eigenvalue in 
b = c, a = and f3 = b"^. 

Claim 12. One has 6 = 0. 



^ ^ . Therefore those 

p a 

which must be b. This yields 

□ 



Proof. Choose (L, C) e Mi,2(IfC) x M2,i(IfC) such that LC 7^ 0. A straightforward 
computation shows that 



C3{Al + Be + J) = b^ LC, 



and hence b = 0. 
We now have 



□ 



A 


h 


h 


X 


ac2 


A 


y 


Cl 


aci 


ax 


A 


62 


ay 


al2 


all 


A 



(/i,/2,ei,C2,x,y, A) G K'^ 



If Q = 0, then we readily have V = Kh + NT4(]K). 

Assume finally that a 7^ 0. Then, for D := Diag(l, 1, 1, a), a straightforward 
computation yields D^^ V D = %. This completes the proof of Theorem 



4 On 1-spec subspaces of M3(K) when char(K) = 3 

In this section, we assume that char(]K) = 3. 
4.1 Opening remarks 

Here, we will use considerations from Witt's theory of quadratic forms (see O 
Chapters VII, VIII and IX]). _ 

Since char(IC) = 3, a matrix M G M3(]K) has only one eigenvalue in K if and 
only if its characteristic polynomial has the form x^ + a for some a G K, i.e., if 
and only if tr(M) = 62 (M) = 0. It follows that the 1-spec linear subspaces of 
M3(]K) are the totally isotropic subspaces of 5(3 (K) for the symmetric bilinear 
form {A,B) ^ tr(^i?). Consider the non-degenerate symmetric bilinear form 
b{A, B) := tr{AB) on M3(]K), and notice that KI3 + NT3(]K) is a 4-dimensional 
totally isotropic subspace of it. Since 4 = [9/2], it follows that the Witt index 
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of b is 4. Since s[3(K) = {/s}"*" and is 6-isotropic, the hyperbohc inflation 
theorem yields that all the maximal totally isotropic subspaces of s[3(K) have 
dimension 4 (which gives us a new proof of Corollary [3] in that case) and Witt's 
extension theorem shows that these subspaces form a single orbit under the 
(natural) action of the orthogonal group of (c2)|s[3(k)- This however gives us 
little information on their orbits under conjugation, which is the topic of our 
investigation. 

In our study, it will be quite helpful to think in terms of spaces of linear 
transformations (rather than solely of matrices): 

Definition 4. Let -E be a finite-dimensional vector space over K. Denote by 
End(S) its vector space of linear endomorphisms. 

A linear subspace V of End(i?) is called a 1-spec subspace when every element 
of V has a sole eigenvalue in K. 

Given a basis B of -E (with cardinality n), we denote by Mb(V^) the linear 
subspace consisting of the matrices of M„(]K) representing the elements of V in 
the basis B. 

In the rest of the section, we set E := K^. 

Definition 5. Let V he a 4-dimensional 1-spec subspace of End(i?). 

A vector x € E'x {0} is said to be good for V when no element of V has span(x) 

as its range. 

Proposition [8] thus implies that at least one non-zero vector of E is good for V. 

4.2 Finishing the reduction of an arbitrary 4-dimensional 1-spec 
subspace 

Notation 6. For 5 € IC, we set 



and 



Ts := span 1^/3, 



Qs ■= span /3, 



"0 


1 


0' 




'0 





0" 




' 1 





1 



















1 




-1 








1 





0_ 




_5 





0_ 




-1 


-6 


-] 


"0 


1 


0" 




"0 





0" 




" 





1" 











? 








1 




-1 








1 










5 













-6 
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Let y be a 4-dimensional 1-spec subspace of End(i?). We may find a vector 
63 € \ {0} which is good for V. 

In Sections 13.11 and I3■2^ we have shown that we may find two vectors ei and 62 
in E such that B = (ei , 62 , 63 ) is a basis of E and Mb {V) = span(/3 , Ai, Bi, J), 
where 



^1 



10 

a A 



and Bi 




fi 1 
6 



and J lias the form 



. Since tj:{AiBi) = 0, we find = —A. 



1 

? ? 
? ? ? 

As in Paragraph 13.3.21 we may then modify ei so as to have A = /U = in the 
new basis (which we still denote by (61,62,63)). 

Replacing J with J + t.I^ for a well chosen t E K, we find in 1/ a matrix of 
the form 

t 1" 
? 

? ? ? 



J' 



Then tr(J') = 0, tr(Ai J') = 0, tr(5i J') = and C2(J') = yield: 

t 



J' 



-t 



1 


-b -t 



At this point, we need to distinguish between several cases: 

• Assume a 7^ 0. Choose an arbitrary 7 € K \ {0}, and set 5 := ^ 

"0 1 0' 



and B' := (^ 61, 62, 63) . Then yi^'{V) is spanned by h 





1 



"0 


0" 




" {th) 


1 





1 




-1 





5 


0_ 




-{th? 


-6 -{th)_ 




If t = 


= 0, then we 


deduce that M 



If t 7^ 0, then, by choosing 7 = t, we have 5 = and Mb'(F) = 
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Assume a = and b ^ 0. Then ^{e3,ei,e2)(^) spanned by I3, 




1 




" 1 


0" 




'-t 


-t2 -b 










and 


1 


t 


. Multiplying the last matrix by 


6-1 




















6 




" 




1 


0" 




summing it with 


I,- 















, we 




















' 1 


0" 




"0 





0" 






spanned by I3, 
















1 




and 




6-1 





















ind that M(e3_ei,e2)(^) is 

-{t/b) 1 " 
—1/6 , and we 
-tV62 t/b_ 

deduce, as above, that ^{ei,e2,e3){^) is similar to J^q (if i 7^ 0) or to Qq (if 
t = 0). 

• Assume that a = 6 = and t ^0. Then 



"0 


1 


0" 




'0 





0" 






























1 






























0_ 




-i/f 









and hence 

([0x0] ^ 

I {x,y,z)eKH. 

This shows in particular that itself is similar to I: indeed, for P 





"0 


X 


0' 


M(ei,e„e3)(^)~2::= K/3 | 








y 




z 









"1 





1 " 










"-1 


-1 







1 


-1 


-1 


, we 


find that P ^J^qP is spanned by I3, 





-1 




1 








-1 










-1 







-1 


"0 


0" 






"0 


0" 






"0 


1 








1 


and 





1 


, and it is thus also spanned by I3, 














o_ 






1 


0_ 















'0 


0' 






'0 


0' 















1 


and 




























1 
















• Finally, if a = 6 = t = 0, then we readily have F = IK/g + NT3(]K). 



23 



We may summarize some of the above results as follows: 



Lemma 12. Let {ei, 62,63) be a basis of E. Assume that there exists {a,b,t) £ 

[0 1 0" 

such that a ^ and ^(ei,e2,e3){^) spanned by the matrices /s, 

a 









0" 




t 


1 " 








1 


and 


—a 





b 










-t^ 


-b -t 



Ift 7^ 0, then there exists (A,/i) G (KxjO})^ such that M(^x.ei,iJ,.e2,e3){^) = •^ab/fi- 
If t = 0, then, for every a G K \ {0}, there exists (A,/x) G (K \ {0})^ such that 

M(A.ei,M.e2,e3)(^) = Oa^ab- 



Proposition 13. The subspaces X and J^q are similar. 
4.3 Classification theorems 

We have just proven a good deal of the following theorem: 

Theorem 14. Assume char(K) = 3, and let V be a 4- dimensional 1-spec linear 
subspace ofM^iK). Then exactly one of the following statements is true: 

(i) V is similar to KI3 + NT3(]K); 

(ii) V is similar to Fs for some 5 G IK; 

(Hi) V is similar to Qs for some (5 G K. 

Conversely, a straightforward computation shows that and are 4-dimensional 
1-spec subspaces of M3 (K) , for every 5 G K. 



Notation 7. Denote by a : x 1— > the Frobenius automorphism of 
j := a — \d. Note that j is an endomorphism of the group (K, +). 



and set 



Notation 8. We define the relation ~ on 

3 



as follows: 



xr^y ^ 3(a, 6) G (K \ {0}) x K : x = a^y + b^. 

3 def 



This is obviously an equivalence relation on 
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Theorem 15. Assume char(IC) = 3. Let (5, A) G K^. Then: 



05 ^ Gx ^ ^ ^ ^ '^^'^ ^& ^\ 5 = \ mod. j (K) . 

Example 3. Assume K is an algebraically closed field of characteristic 3. Then 
j and a are onto, and therefore there are exactly three similarity classes of 4- 
dimensional 1-spec subspaces of M3(K): those of KI3 + NT3(]fC), Tq ^ I and 
Go- 

Example 4. Assume IK is a finite field of characteristic 3. Then a is onto and 
hence ~ has a sole equivalence class, whereas is a subgroup of index 3 of 

(K, +) (since the kernel of j is the prime subfield of K and has therefore three 
elements). Therefore, there are five similarity classes of 4-dimensional 1-spec 
subspaces of M3(K). 

In order to completely classify the 4-dimensional 1-spec subspaces up to simi- 
larity, what remains to prove is Theorem [15] and the uniqueness statement in 
Theorem 1141 we achieve this is the next section. 



4.4 The uniqueness statements in Theorem I14L and the proof of 
Theorem [T5] 

Lemma 16. Let 5 G IfC. Then neither J-^ nor Gs is similar to KI3 + NT3(1C). 

Proof. In IK/3 + NT3(]K), the set of singular matrices is the linear subspace 
NT3(]K). It thus suffices to find two singular matrices in Ts (respectively, Gs) 
some linear combination of which is non-singular. 



The matrices A 



10 



1 



and B 




1 
5 



are singular and belong both 



to J^s and Gs- Choosing t G IK \ {0, —6}, we find that t A + B is non-singular, 
which completes the proof. □ 

We turn to the study of possible similarities between spaces of type Ts or Gs- 

Definition 9. A basis B of ^ is called ^/-adapted if there exists (5 G IK such 
that Mb{V) = Fs or Mb(T^) = Gs'- notice then that 5 is uniquely determined 
by B and that only one of the conditions Mb(I^) = Fs and Mb(V^) = Gs holds. 
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Let y be a 4-dimensional 1-spec subspace of End(i?) which is not similar to 
KI3 + NT3 (K) . Note that the third vector of a ^-adapted basis is always good 
for V. 

Here is our strategy: 

• given a vector £ E which is good for V, determine the spaces of matrices 
associated to the ^-adapted bases with 63 as the last vector; 

• then investigate what happens when the last vector of a ^-adapted basis 
is modified by an "elementary" operation. 

The following lemma states that some sort of converse statement of Lemma 
Upholds: 

Lemma 17. Let (61,62,63) be a V -adapted basis of E. Assume that there exists 
(A,/i, a, 6, t) G such that A / 0, ^ 7^ 0, and M(;^ g^^^ g2^e3)(^) ^•s spanned by 





"0 


1 


0' 




"0 





0" 




t 


1 


h, 



















1 


and 


—a 







a 










b 










-t^ 


-b -t 



Itt^O, then M(e^^e2^g3)(y) = ^ab/t^- 

lft = 0, then M(e^ 62,63) (^) = Sa'-^ab for some a € IK \ {0}. 

Proof. Let 5 G K be such that M(e^ e3)(^) = or M(g^ e3)(^) = Gs- Note 



that M 



(£1,62,63) 



(y) is spanned by I3, 



and hence by I3 



_b_ 



"0 


A 

M 




0" 




"0 


0" 




' t 







A 













fi 


and 


~J 
L A 








a 

La 





0. 




b 
-A 


0_ 




_b 


-t 





0' 








t 

A 





1 











1 


and 




afi 




























__b_ 
Xfi 


t 

A_ 









1 


3 o_ 

We deduce that afi = A^ and ^ = = 

This immediately yields the second result if t = 0. If t ^ 0, then ^ = 1 hence 
A = t, which yields the first result. □ 

Proposition 18. Let B = (61,62,63) be a V -adapted basis. Let 5 G IC. 

(a) Assume M-b{V) = Gs. 

(i) For every A G K such that there exists a V -adapted basis B' with 

63 as the last vector such that Mb'(I^) = G\. 
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(ii) For every V -adapted basis B' with 63 as the last vector, there exists 
A G IK such that 

(b) Assume Mb{V) = T5. 



A G IK such that Xr^d and M^'iV) = Qx- 



(i) For every A G IK such that X = 6 mod. there exists a V -adapted 
basis B' with e^ as the last vector such that Mb'(V^) = J^x- 

(ii) For every V -adapted basis B' with 63 as the last vector, there exists 
A G IK such that X = 6 mod. j(K) and M^'iV) = Fx- 

(c) For every s G IK, there is a V -adapted basis of the form (?, 72,63) such that 
span(/2,e3) = span(e2 + 561,63). 

Proof. Wc start with a preliminary computation. Let {s,u,t) G IK^ and set 







"1 


s 0" 




"0 


1 





P : 







1 


, and Vb the subspace of M3(K) spanned by I3, A = 















s 


u I 




1 








"0 










' t r 














1 


and 


-100 








6 










-t^ -s -t 









A straightforward computation shows that P is non-singular and P ^VqP is 
spanned by 



^3, A, 



6 s — us 



-us 

u 



? 



1 



and 



t-s 

-1 

ts + s'^ + u-t^ 



ts + + u 1 
-s 
? -s-t 



Adding well-chosen linear combinations of the first two matrices to the last two, 
we find that P~^VqP is spanned by 








-s 




■ 1" 


h, A, 


s 




and 


-1 -t 




5 + s^ 


? -u- s"^ 




-t^ ? t 



Adding to the third one the product of the fourth one with s, we deduce that 
P~^VqP is spanned by 













" or 




u + s"^ - St 


1 


and 


-1 -t 




_5 + s^-st^ -{u + s'^-stY 


— u — + st 




-e ? t 



27 



(the (3, 2)-th entry of the third matrix is easily obtained using the fact that 
this matrix is nilpotent). Letting {gi,g2,93) be an arbitrary basis of and 
denoting by H the hnear subspace of End(]K^) such that M.(^g^^g^^g^'^{H) = Vq, we 
then find that u = st — \i and only if there exists (a, 6) € (K \ {0})^ such that 
{a.{gi + s.g3),b.{g2 + s.gi +u.g3),g3) is F-adapted. 
li u = st — s^, then P'^VqP is spanned by 



A, 








(5 + - Q 



and 









-t' St' 



1 



-t 



(the (3, 2)-th entry of the fourth matrix is obtained using the fact that the third 
and fourth matrices are mutually orthogonal for {M,N) i— )• tr(MA^)) and we 
deduce that P-'^VoP = Qs+s^ if t = 0, and P'^VqP = J^s+s^-s H t = 1. 



Proof of (a)(i): 
M 



Let s € 



Then the above calculation shows that 
(ei+se3,e2+sei-s2e3,e3)(^) = Ss+s^- Using Lemma HJl we deduce that, 
for every (s, z) € IfC x (K \ {0}), there exists a ^-adapted basis B' with 63 
as third vector such that Mb'(V^) = Gz'-^s+{zsy^ ■ This obviously yields point 



Proof of (a)(ii): Let (/i,/2) € -E^ be such that (/i, 72,63) is a F-adapted 
basis. 

Then the set of elements of V which vanish on span(e3) must be a 1- 
dimensional subspace. Given such a non-zero element n, we then have 
Im(u) = span(/i,e3). 

It follows that span(ei,e3) = span(/i,e3), which proves that fi = a{ei + 
563) for some a G IK \ {0} and some s G K. 

Moreover, u may be chosen so as to have u{e2) = ei, and there ex- 
ists 6 € IK \ {0} such that w(/2) = b fi and u{fi) = he^. Therefore 
u(/2) = ab{ei + 563) = abu{e2 + sei), which yields a scalar /i € IK such 
that /2 = ab (e2 + sei + fies). 
Set now e[ := ei + 563 and e'g := 62 + sei + fJ-^s- 
Then the preliminary calculations show that /i = — and M 
Gs+s'i- Using Lemma [T71 we deduce that M^j^ j^.es) 
A G IK satisfying ~ <^ 



(ei+se3,e2+sei+/ie3, 

Qx for some 



Points (b)(i) and (b)(ii) are deduced from the preliminary computation and 
Lemmas [12] and [T7] in the same fashion by taking t = 1. 

Point (c) follows directly from the proofs of points (a)(i) and (b)(i). □ 
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We now examine the effect of a simple change of the last vector of a V- 
adapted basis. 

Lemma 19. Let (61,62,63) be a V -adapted basis of E. Let 6 £ K such that 
^(61,62,63) (^) = (respectively, M(ej,e2,e3)(^) = J's)- 

(a) Assume that J 9^ (respectively, (5 7^ mod. j(]K)J. 

3 

Then, for every s £ K, the vector 63 + S62 is the third one of a V -adapted 
basis B such that Mb{V) = Gs (respectively, Mb{V) = Ts). 

(b) If 6 = 0, then 63 + 62 is the third vector of a V -adapted basis B such that 
Mb{V) = Gs (respectively, Mb{V) = T^). 

Proof Set t := if M(e,,e2,e3)(^) = Gs, and t := 1 if M(,^,,,,e3)(^) = -^5- 

Let s € K. Set e'^ := ei — s{t + 5s)e2 + dse^, and 63 := 63 + 562- 

Then a straightforward computation shows that '^(e[,e2,ei^)i^) spanned by the 

matrices 





-s{t + Ss) 1 s 




"0 





0" 




5s + t 1 


/3, 


-s-sH'^ + s^6^ s{t-5s) s^{t-6s) 


1 








1 


and 


-st^ + 5'^s^ - 1 5s -St 




l + 6s^{t-5s)-5'^s^ -5s -5s^ 




5 










-5st -t^ -5 5s-t 



Adding well-chosen linear combinations of 13 and the third matrix to the second 
and the fourth ones, we deduce that ^[e[,e2,e'^)(^) spanned by the matrices 








1 


s 




"0 





0" 







f 


/3, Ai = 


-s - sH^ + sH^ 


-St 





, A2 = 








1 


and j43 = 


-st^ + 5'^s'^ - 1 


-t 




1 - 5^s^ 


-5s 


St 




5 










-t" 


-5 t 



By Ai -i^ Ai — sA^, we deduce that y^[e'^^e2,e'^)(y) spanned by the matrices 








1 


0" 




"0 





0' 







1 


/3, 



















1 


and 


-l + 5'^s^-st^ -t 







1 - (5^5^ + st^ 










5 










-t^ -5 


t 



Set 7 := (5(1 - 5^5^ + st^) and notice that 7 = (5 + {-5s)'^ if t = 0, and 7 = 
5 + j{-5s) if t = 1. 

In any case, the assumptions of point (a) show that 7 7^ and therefore 1 — 
5'^s^ + st^ 7^ 0: Lemmas [12] and [T7] thus yield a 1/- adapted basis B with 63 as 
third vector such that Mb(T^) = ^5 if t = 0, and M-b{V) =Ts\it = l. 
Assume now that 5 = and s = 1. Then \ — 5'^s'^ + st^ 7^ 0, hence Lemma [T2] 
yields point (b). □ 
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Lemma 20. Let (61,62,63) be a V -adapted basis of E. Let 5 E IK such that 
■'^(ei ,62,63) (^) = Ss (respectively, M(g^ g2,63)(^) = ^sJj '^^'^ assume that 6^0. 
Then 62 is the third vector of a V -adapted basis B such that Mb(V^) = Gs 
(respectively, Mb{V) = Ts). 

Proof. Set B := (63,61,62), and t := if M(ej^e2,e3)(^) = Gs^ and t := 1 if 



M 



(61,62,63) 



Then a straightforward computation shows that Mj-g^ e2)(^) is spanned by 





"0 


1 


0" 




"0 


5 


0" 




'-t -t^ 


-5' 


h, = 








1 


, A2 = 











and ^3 = 


1 t 


















1 










-1 






Setting A2 := ^ A2 and then A'^ := Ai — A2, we find by M(^^^ g^ 62) (^) spanned 
by 











0" 




" 1 


0" 




'-t -t^ 


-6 


h, A[ = 








1 


A' — 
1 ^2 ~ 








and ^3 = 


1 t 







-5-1 










6-^ 







-1 






Setting finally A'^ := -^"^^3 - 1 13 + t^ A'^), we find that M(e3_e^_g2)(y) is 
spanned by L^, A'^, A'2 and the matrix 



A' 



_t 
5 






5-' 



Assume t = 0. Notice that 6 = (—6)^ x (—6^^) x 6^^, hence Lemma [12] shows 
that 62 is the third vector of a basis B such that Mb(V^) = Gs- 
Assume t = 1. Notice that (—6^^) x S^^ = 6, hence Lemma [T2] shows 

that 62 is the third vector of a basis B such that Mb(V') = J~5- Q 

We are now ready to conclude. Let us first draw a corollary from the two 
previous lemmas: 

Corollary 21. Let (61,62,63) be a V -adapted basis of E. Let 5 E lEC such that 
^(61,62,63) (^) = G5 (respectively, M(g^ g2^e3)(y) = Ts), and assume that 6^0. 
Then, for any non-zero vector z 0/ span(62, 63), there is a V -adapted basis B 
with z as the last vector such that Mb(I^) = Gs (respectively, Mb(T^) = J^s)- 

This uses of course the trivial fact that given an arbitrary basis (/i,/2,/3) 



of E, one has M 



(A/i,A/: 



:,A/3)(^) 



M 



j3)(y) for any A G K \ {0}. 
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We now prove Theorem [15] and the fact that an J-5-space is never similar to a 
^A-space. First, the impHcations "'^=" in Theorem [TCI both fohow directly from 
points (a)(i) and (b)(i) of Proposition [TSl 

For the converse implications, let V he a, 4-dimensional 1-spec linear subspace 
of Find{E), where E = K.^, and assume that there exists a F-adapted ba- 
sis (61,62,63) with M(ej,e2,e3)(^) = Ss (respectively, M(ej_e2,e3)(^) = ^s)- Of 

course, we may assume that 5 9^ (respectively, S i(lK.)). 

3 

Using point (c) of Proposition [18] together with Corollary [2T] we find that 
every vector of \ span(ei,e3) is the third vector of a F-adapted basis B 
for which M-b{V) = Gs (respectively, Mb{V) = Ts). Choose such a basis 
{e'i,e'2,e'^). Then every vector of \ span(6'^,e3) is the third vector of a V- 
adapted basis B for which Mb{V) = Gs (respectively, Mb(V^) = J^s)- How- 
ever span(6']^, 63) n span(6i,63) = span(y) for some y £ E \ {0} (because 63 
span(ei,63) and dim£' = 3). 
Therefore: 

(P) : Every vector of \ span(y) is the third vector of a ^-adapted basis B 
for which Mb{V) = Gg (respectively, Mb{V) = Fs). 

By Lemma [TT] for every ^/-adapted basis B with a third vector which is linearly 
independent from y, there exists A G K such that Mb(I^) = Q\ and ^"^^ (re- 
spectively, Mb(V^) = F\ and \ = 6 mod. i(]K)). 

Assume that y is the third vector of a ^/-adapted basis {gi,g2,y)- If ^(91,92,1/) (^) 
equals J-\ for some A G j(IK) or Qx for some A G o"(K), then Lemma [12] shows 
that we lose no generality in assuming that A = 0, and point (b) in Lemma [19] 
yields a vector z G \ span(y) which is the last vector of a ^-adapted basis B' 
for which Mb'{V) = Go or Mb'(V^) = this would contradict property (P). 
Hence M(^g^^g^^y-^{V) equals for some A G K.\j(]K) or Gx for some A G IC\(t(]K). 
Applying point (a) of Proposition [THl we find a V-adapted basis B' with a 
third vector outside of span(y) such that Mb'{V) = Tx or Mb'(I^) = Gx'- 
with the previous results, we deduce that Mb'(T^) = G\ and A~5 (respectively, 

Mb'(V^) = -Fa and a = 5 mod. 

We have proven that, for every ^/-adapted basis, the subspace of matrices rep- 
resented by V in this basis is G\ for some ~ (respectively. Fx for some \ = 5 

mod. 

This finishes the proof of Theorem [15] 
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We have also proved that, for any 5 E IfC\(T(]K), the space Qs is never similar 
to an J^;^-space, and, for any 5 G IK \ j(J^), the space J^^ is never similar to a 
^A-space. 

In order to complete the proof of Theorem [T^ it only remains to establish the 
following result: 

Lemma 22. The spaces J-q and Qq are not similar. 

Proof. We have already shown that J-q is similar to the space 





"0 


X 


0' 


IK/3 + 1 








y 




z 





o_ 



(x,2/,z) G 



which obviously contains two linearly independent rank 1 matrices. 
We prove that Qq does not contain such matrices. 

\ X z 

Let M ^ Qq with rank 1. We write M = —z A y . Considering the lower 

_x A_ 

right 2x2 sub-matrix, we deduce from rkM < 1 that A = 0. 
Considering the sub-matrix obtained by deleting the second row and the third 

[0 0" 

column, we find x = 0. It easily follows that z = 0, therefore M = y 1 



Two rank 1 matrices of Qq must therefore be linearly dependent, which shows 
that Qq is not similar to J"o- D 

This finishes the proof of Theorem [TH We have therefore completely classi- 
fied the 4-dimensional 1-spec subspaces of M3(IK), up to similarity. 
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